Graphynes represent an emerging family of carbon allotropes that recently attracted much interest due to the tunability of the Dirac cones in the band structure. Here, we show that the spinorbit couplings in β-graphyne could produce various effects related to the topological properties of its electronic bands. Intrinsic spin-orbit coupling yields high-and tunable Chern-number bands, which may host both topological and Chern insulators, in the presence and absence of time-reversal symmetry, respectively. Furthermore, Rashba spin-orbit coupling can be used to control the position and the number of Dirac cones in the Brillouin zone. These findings suggest that spin-orbit-related physics in β-graphyne is very rich, and, in particular, that this system could provide a platform for the realization of a two-dimensional material with tunable topological properties.
Introduction. Since its synthesis in 2004, graphene has attracted enormous attention due to its unusual properties, and has provided a new paradigm for Dirac materials in condensed-matter physics [1] . Unconventional electronic properties in this material arise as a consequence of the pseudo-relativistic nature of its low-energy quasiparticles. Furthermore, graphene represents a platform for the first proposed time-reversal invariant topological insulator [2] , which, however, has not been realized experimentally due to a weak spin-orbit coupling (SOC). Since then, achieving strong SOC in Dirac materials has been one of the goals that motivated the search for alternatives to graphene, and promising candidates have been recently proposed, including self-assembled honeycomb arrays of heavy atom semiconducting nanocrystals, such as Pb and Se [3] , patterned quantum dots [4] , as well as molecular graphene [5] . An important new emerging class of two-dimensional (2D) carbon allotropes consists of graphynes, among which the most studied members include α−, β−, and γ−graphynes [6] . They have not been synthesized yet, in contrast to the structurally similar graphdiyne, which has been recently fabricated [7] , but first steps towards that goal have been achieved [8, 9] .
Graphynes are allotropes of carbon obtained by inserting a triple bond (−C ≡ C−) into the graphene structure, see Fig. 1(a) . These 2D allotropes of carbon were proposed in 1987 [10] , and their structural, electronic, and mechanical properties have been rather extensively studied [11] [12] [13] [14] [15] [16] [17] . They have recently attracted much interest, especially because of the existence of tunable Dirac cones in their band structure, and in that sense could be even more promising for applications than graphene [18, 19] . Features of the Dirac cones may be controlled by chemical reactions [20] and adatoms [21] [22] [23] . Adatoms of heavy elements, such as Indium and Thallium, could also be used to tune SOC in graphynes, as suggested in Ref. [24] for graphene, which is particularly important in light of inducing and manipulating topological properties, critically dependent on its strength.
Motivated by these developments, in this Rapid Communication we study the effects of the SOCs in β-graphyne [( Fig. 1(a) ], and show that this material could be advantageous with respect to graphene not only concerning the tunability of the Dirac cones [18] , but also regarding topological properties of its band structure. To do so, we derive an effective tight-binding (TB) theory that includes both Rashba and intrinsic SOCs. So far, their effects have been only sparsely studied using ab initio methods [25] , but clearly an effective description of the SOCs in graphynes is highly desirable. Before elaborating on the specific results, we first observe that due to the lattice structure of β−graphyne, a minimal effective TB model contains six low-energy p z orbitals, one on each of the six sites on the vertices within the unit cell. Second, for either of the two types of SOC there are, in fact, two parameters, which we call internal and external, describing the corresponding intra-and interunit-cell hoppings. In graphene, these two parameters are equal, since intra-and inter-unit-cell bonds therein are equivalent. This fact in conjunction with the larger unit cell (18 atoms in β-graphyne versus two in graphene) already hints that the SOC-related physics in β-graphyne could be richer than in graphene.
Indeed, this is the case. Without SOCs, there are six inequivalent Dirac cones at the Fermi level along the highsymmetry Γ − M line in the Brillouin zone (BZ) [ Fig.  1(b) ]. As the internal Rashba SOC is cranked up, we show that the system undergoes a series of Lifshitz phase transitions in which the Dirac cones split, merge and split again, however, in different directions in the BZ (Fig. 2) . The effect of the intrinsic SOC, on the other hand, is to produce gapped topologically nontrivial bands with tunable Chern numbers as high as C = 4 per spin [ Fig.  3 ], suggesting that β-graphyne could provide the ground for realizing both conventional (noninteracting) and fractional topological insulators upon accounting for interactions [26] . In fact, as we show here, various topologicallyinsulating phases may emerge at half-filling both in the presence and in the absence of time-reversal symmetry (TRS), demonstrating the possibility of achieving topological phase transitions in a carbon-based material.
Tight-binding description of the SOC. Among the three ., 9) used in the TB model describing the σ-orbitals with the red, blue and green colors labeling sp 2 , sp, and p orbitals, respectively. most studied graphynes, β-graphyne has the most complicated lattice structure. Its unit cell consists of a hexagon, which has one carbon atom located at each vertex, and two carbon atoms connected by an acetylene linkage between each two neighboring vertices, yielding together 18 atoms, see Fig. 1(a) . For the description of SOC effects, we use a basis that contains two sets of orbitals: σ orbitals, consisting of the atomic s, p x , and p y orbitals, as well as p z orbitals. To obtain an effective Hamiltonian containing only six p z orbitals at the vertices, we proceed in two steps: (i) we first integrate out high-energy σ-orbitals to obtain a Hamiltonian with 18 p z orbitals at both vertex and edge sites in the unit cell; (ii) in the second step, we eliminate 12 p z orbitals at the edge sites.
We first analyze the system without SOC, when the σ and p z orbitals are decoupled, and only the latter are relevant for the low-energy description at halffilling. The corresponding band-structure is displayed in Fig. 1(b) (blue solid lines). Using step (ii) in the outlined procedure, we obtain an effective Hamiltonian with only six p z orbitals located at the lattice vertices [27] 
with t int = −t 2 2 t 3 /T and t ext = t 1 t 2 3 /T , denoting nearestneighbor (NN) intra-unit-cell and inter-unit-cell hoppings, respectively, and T ≡ 2t Fig. 1(a) ] t 1 = −2.00eV, t 2 = −2.70eV, and t 3 = −4.30eV [27] , hence t int = 0.95eV and t ext = −1.12eV. It turns out that this Hamiltonian captures the low-energy band-structure at half-filling very well, see Fig. 1(b) (red dashed lines) . Note that the dispersion relation exhibits six Dirac cones at the Fermi level, located on the line Γ−M . As opposed to graphene and α−graphyne, where the cones exhibit a threefold rotational symmetry, in β−graphyne the cones are symmetric only under mirror reflection through the normal plane containing the line Γ − M , and are thus anisotropic [18] .
We now turn to the description of the effects arising from both intrinsic and Rashba SOCs with the Hamiltonian
The intrinsic SOC originates from relativistic effects, microscopically described by the Hamiltonian
where f is a function related to the effective short-ranged nuclear electrostatic potential, σ is a vector of Pauli matrices, and L is the orbital angular momentum. Furthermore, this coupling possesses mirror symmetry through the lattice (x − y) plane, represented by the matrix σ z in spin space. This symmetry then allows for the coupling between p z,↑ , p x,↓ , p y,↓ , and s ↓ orbitals, odd under this reflection. Analogously, the orbitals p z,↓ , p x,↑ , p y,↑ , and s ↑ , even under this symmetry, can be coupled. Moreover, when an external electric field is applied perpendicularly to the plane, the microscopic Hamiltonian includes an extra term H E = Ez, with E the electric field, that couples the s to the p z orbitals due to the broken mirror symmetry. A linear in E combination of the Hamiltonians H L and H E generates the Rashba SOC, whereas the intrinsic SOC is generated exclusively by H L [28] . In addition to the σ orbitals, in principle, the d xz and d yz orbitals have to be taken into account for SOC [29] . However, the d orbitals are expected not to lead to any qualitatively different effects in β−graphyne, and we do not consider those hereafter [30] .
To derive an effective model describing the SOC, we apply the outlined two-step procedure to the Hamiltonian
where Figs. 1(a), 1(c), and Supplemental Material [28] ], while the SOC terms, obtained from Eq. (2), read Here, p † z,i creates an electron in a p z orbital at position i, and analogous notation is used for the p x , p y , and s orbitals, while α = 1(2) corresponds to the sites at edge (vertex). The exact value of the on-site coupling parameters ξ p1 , ξ p2 , ξ sp1 , and ξ sp2 may be obtained by fitting the band structure to ab initio calculations, which, however, have been performed only for α-, δ−, and 6, 6, 12-, but not for β-graphyne with intrinsic SOC [20] . Note that ξ sp1 and ξ sp2 are both linear in E. An approximate lower bound for ξ p1 12.6meV found in α-graphyne may also apply to β-graphyne since the charge distribution around the acetylene bond is approximately the same for all graphynes. To obtain an estimate for ξ p2 , we use that the charge distribution around the vertices in β-graphyne and graphene are approximately the same, and therefore we expect that their values should be comparable, yielding ξ p2 2.8meV [29] . The parameters ξ sp1 and ξ sp2 should be approximately equal, since they derive from the corresponding matrix elements of the microscopic Hamiltonian H E for the wavefunctions at the edges and vertices, expected to be comparable, yielding
10meV for a typical E 0.1V/nm [29] . These estimates are, however, expected to be modified in the presence of heavy adatoms and strain. The latter should influence the charge distribution around the edges making it more inhomogeneous, and therefore enhancing the value of the SOC parameters.
The obtained effective Hamiltonian that contains only six p z orbitals reads
with H eff z
given by Eq. (1), while the Rashba and the intrinsic SOCs are given, respectively, in terms of NN Microscopic parameters (31) and (32), respectively, which are derived using a two-step procedure from the microscopic Hamiltonian containing one pz and three σ orbitals per site of the 18-atom unit cell with the hoppings ti (i = 1, 2, 3) and Vj (j = 1, ..., 9) shown in Figs. 1(a) and 1(c). Here, T ≡ t2/(T V2V3), with T defined below Eq. (1).
and next-NN TB Hamiltonians,
Here, the index a = int(ext) refers to the SOCs effectively described by the intra-(inter-)unit-cell hoppings with the summations also taken correspondingly,d ij is a unit vector connecting NNs, and v ij = +(−) if the hopping is (anti-)clockwise. The parameters of the six-band effective SOC Hamiltonian (4), derived from the Hamiltonian (3), are given in Table IV . Effects of the Rashba SOC: tunable Dirac cones. We first neglect the intrinsic SOC and consider the effects of the internal Rashba SOC, λ R,int , since this term is expected to dominate over the external one in β-graphyne. This can be understood from the fact that the internal Rashba SOC arises from the hoppings through the acetylene bond. Since these hoppings yield three as many possibilities to flip spin as the ones not involving acetylene bonds, which pertain to the external Rashba SOC, the internal Rashba SOC is thus expected to dominate. Indeed, estimates for the microscopic SOC parameters, together with expected similar values for the hoppings between σ orbitals . It should be stressed that the order of these Lifshitz phase transitions depends on the precise value of the ratio of the hoppings t ext /t int . For instance, when its absolute value is slightly larger than 1.18, the pairs on the Γ − M line emerge before the other pairs annihilate, and, as λ R,int is further increased, only the former survive (not displayed). In fact, as shown in Figs. 2(e)-(h), the external Rashba SOC alone creates precisely the effect previously described, therefore opening up the possibility to control the Lifshitz phase transitions with either of the two types of Rashba SOC allowed here.
Effects of the instrinsic SOC: high-Chern-number bands. The intrinsic SOC leads to the formation of topologically nontrivial electronic bands in the system. In β-graphyne internal and external intrinsic SOC turn out to have the opposite sign (Table IV) , which results in the enhancement of the topological bandgaps as compared to the case when only one of the couplings is present. This can be readily understood from the fact that this sign difference in the six-site effective model arises after integrating out the high-energy orbitals at the edges in the 18-site TB model, which contains both terms with the same sign. Therefore, we will here only consider the effect of the internal intrinsic SOC effectively described by the hopping within the unit cell, λ I,int in Hamiltonian (32) . For an infinitesimal value of this coupling, topologically nontrivial bands arise with the corresponding total Chern number at half-filling C ↑ = 3 for spin-up electrons [ Fig. 3(a) ], as opposed to graphene, where the intrinsic SOC produces C ↑ = 1. This value of the total Chern number in β-graphyne is a result of the following values of Chern numbers for the six bands {−1, 2, 2, −2, −2, 1} [28] . Since the Z 2 invariant is given by the parity of the spin Chern number, ν = C ↑ (mod 2), β-graphyne is a topologically nontrivial insulator. On the other hand, when TRS is broken, for instance by a magnetic field, the system turns into a Chern insulator with Chern number C = 3, implying that the Hall conductivity σ Hall = 3e 2 /h, which differs from graphene where under the same circumstances σ Hall = e 2 /h. We notice here in passing that β-graphyne cannot become topological crystalline insulator, since it possesses time-reversal invariant momenta only at the Γ and three symmetry-related M points in the BZ [31] . Furthermore, at a critical value λ crit I,int = 0.46eV, the bandgap at the Fermi level closes at the Γ − K line [ Fig. 3(b) ] and reopens yielding the Chern numbers {−1, 2, −4, 4, −2, 1}, and C ↑ = −3 [ Fig.  3(c) ]. In addition, for even stronger internal intrinsic SOC, λ I,int = 0.6eV , the bandgap closes at the K and K points [ Fig. 3(d) ], and upon further increase of this coupling the system enters a topologically nontrivial insulating state with Chern numbers {−1, 2, −2, 2, −2, 1} [ Fig.  3(e) ]. Finally, for λ I,int = 0.74eV, the bandgap closes at the Γ point [ Fig. 3(f) ], and for even stronger λ I,int an insulator with Chern numbers {−1, 1, −1, 1, −1, 1} appears.
Discussion and conclusions.
To summarize, we here demonstrated that β-graphyne exhibits rich behavior due to the conspiracy of its lattice structure with a relatively large unit cell and the effects of the intrinsic and Rashba SOCs. The latter interaction allows for the tuning of the position and the number of Dirac cones in the band structure therefore opening up the possibility to manipulate the transport properties of the system. Furthermore, we showed that in β-graphyne the Dirac cones can be located at all high-symmetry points in the BZ and a plethora of Lifshitz phase transitions between semimetallic phases can be implemented. Finally, recent progress in realizing honeycomb optical lattices exhibiting tunable Dirac cones [32] , in conjunction with the possibility to manipulate SOC in these systems [33] , make our findings relevant also for ultracold atoms in optical lattices.
Not only the Rashba SOC induces interesting effects, but the intrinsic SOC also does so. Indeed, the latter yields topologically nontrivial bands, some of which possess high Chern number. Moreover, when TRS is broken and the SOC is tuned, e.g., by the presence of heavy adatoms such as Bi and Sn, a series of topological phase transitions between different Chern insulators is expected to occur. However, further ab initio studies are needed to quantitatively establish the effect of adatoms on the SOC in graphynes. The topological bandgap closings are at Γ, M , K as well as at points in between, and this system therefore may interpolate between graphene where topological phase transitions occur at the K and K points [2] , and HgTe quantum wells with the topological bandgap closing at the Γ point [34] [35] [36] . Furthermore, the interplay of SOC and magnetic field (or any TRS-breaking perturbation) is a rich and fundamentally important problem, as the studies in graphene [37] and silicene [38] have shown. Finally, we hope that our results will boost ab initio studies of the spin-orbit effects in the graphyne family of carbon allotropes.
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In this supplemental material we provide the details of the derivation of the spin-orbit Hamiltonians within the tight-binding approach. We also explain the calculation of the Chern numbers.
I. TIGHT-BINDING HAMILTONIAN
A. Tight-binding model without SOC
First, we introduce the tight-binding (TB) Hamiltonian in the absence of spin-orbit coupling (SOC). Since we neglect the spin degree of freedom and the system exhibits reflection symmetry through the x − y plane, it follows that the p z and σ-orbitals decouple. As a result, the full Hamiltonian is the sum of two terms, C H This Hamiltonian is relatively simple, since it involves only three hopping parameters t i [ Fig. 4(a) ]. On the other hand, the Hamiltonian describing the σ orbitals is more complicated. First of all, we describe the σ-orbitals in terms of the sp, sp 2 , and p hybrid orbitals, the labeling of which is depicted in Fig. 4(b) . Furthermore, we only take into account the onsite energies and hoppings, in addition to the dominant nearest-neighbor (NN) hoppings forming the bonds, see Fig. 4(c) . Therefore, we may write
The Hamiltonian describing the dominant NN hoppings reads
Similarly, we can write the Hamiltonian describing the on-site energies and hoppings
In the absence of SOC, we actually do not need to consider the σ-orbitals since they correspond to states away from the Fermi level, and we are interested in the physics around the Fermi energy.
B. Tight-binding model with spin-orbit coupling
Upon including SOC, the Hamiltonian changes into
σ · L px py s pz −iσy iσx 0 where H z,σ SOC accounts for the hopping from p z orbitals to σ-orbitals due to the SOC. The latter can be decomposed as
The first term, H z,σ L , originates from relativistic corrections to the Schrödinger equation described by the Hamiltonian
where f is a function related to the effective short-ranged nuclear electrostatic potential, σ is a vector of Pauli matrices, and L is the orbital angular momentum, see also Table II for the matrix elements of this Hamiltonian in the basis we use here. This term will give rise to the intrinsic SOC. The second term, H z,σ E , results from an applied electric field E perpendicular to the lattice plane that breaks the reflection symmetry through it, and this term is associated with the Rashba SOC. As a result, we obtain
Here, p † z,i creates an electron in a p z orbital at position i, and analogous notation is used for the p x , p y , and s orbitals, while α = 1(2) corresponds to the sites at vertex (edge). The variables ξ spα and ξ pα denote coupling constants, the values of which should be determined by first-principle calculations. In our studies, we explicitly make use of the hybrid orbitals, therefore we need to rewrite the above microscopic Hamiltonians in terms of these. In Table III we provide the convention we used for the change of basis, which leads to Fig.  4(b 
Since we are ultimately interested in the physics around the Fermi level, we integrate out the σ-orbitals to obtain an effective Hamiltonian solely in terms of the 18 p z orbitals, see Section III. The procedure outlined in Sec. III then leads to the following effective Hamiltonian: 
In the last line, we have split the Hamiltonian in two parts. One can easily see that if one neglects the last term, the Hamiltonian gets altered, but neither gaps will open nor will the positions of the Dirac cones shift. This is a simple consequence of the fact that det (S −1/2 H z 0 S −1/2 ) = det (H z 0 )/ det (S). As a result, if we simply assume S = I we do not miss either any opening of a bandgap or a shift in the position of a Dirac cone, which we are ultimately interested in here. With respect to the second term, we would like to point out that H Having argued that we may set S = I, we now show how to deal with (H σ 0 ) −1 . Because the hybrid orbitals are mainly composed of p x and p y orbitals, which have an almost vanishing onsite energy [S1], it holds that H σ,onsite < H σ,NN . Therefore, we can write (H 
One may easily transform this expression to real space. The effective SOC Hamiltonian is then given by the second term on the RHS of Eq. (18), 
